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ON SOME LOCAL PROPERTIES OF
FUZZY MANIFOLD AND ITS FOLDING
M. EL-GHOUL - M.R. ZEEN EL-DEEN
This paper is a continuation of [5]. It introduces the local properties ofthe fuzzy manifold. the fuzzy vector �eld in a fuzzy tangent space will bede�ned. Theorems governing the relation between the folding of the fuzzytangent space and the folding of the fuzzy manifold are deduced.
Introduction.
Manifolds were �rst introduced into mathematics by Riemann in 1950sin the form of Riemann surfaces. Let M and N be two smooth connectedmanifolds of dimension m and n respectively, a map f : M → N is said tobe an isometric folding of M into N if and only if for every piecewise geodesic
γ : J → M the induced path f 0 γ : J → N is picewise geodesic and ofthe same length as γ , J = [0, 1]. If f does not preserves length, then f isa topological folding. The folding of a manifold introduced in 1977 by S. A.Robertson [9], also this subject was discussed in [8,2]. The exponential map atm ∈ M is a mapping of a neighbourhoodU of 0∈ T (M) into M ,
expm : U → M.
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For t ∈ T (M) for which expm(t) is de�ned as follows. Let γ be the uniquegeodesic in M such that γ (0) = m and γ ∗(0) = t , expm (t) = γ (1),expm(ut) = γ (u), u is real number. A point x in T (M) is conjugate pointif expm is singular at x .A fuzzy differentiable manifold is a c∞ - manifold which has a physicalcharacter this character represented by the density function µ, µ ∈ [0, 1], likethe electric current, the temperature inside molten glass, etc. The fuzzy foldingof a fuzzy manifolds and graphs are introduced in [1], [3], [4], [6], [7], [10].This work is the study of the local characters of fuzzy submanifold and cartesianproduct of two fuzzy manifold. The relations between fuzzi�cation of themanifold and the curvature, the torsion are discussed. Theorems governing theserelations are deduced . The exponential folding of a fuzzy tangent spaces into afuzzy manifold are obtained.
The main results.
We will introduce the following de�nitions:
(1) The cartesian product of two fuzzy manifolds.Let (l1;µ1), (l2;µ2) be two fuzzy edges then
(l1;µ1). (l2;µ2) = (l1. l2;µ1 � µ2) = (A;maxµi )
or
= (A;minµi )
or
= (A; µ1 + µ2n ),
n is a positive integer > 1, µi ∈ [0, 1], i = 1, 2.
The generalization of the above de�nition is the de�nition of the fuzzyvolume for the fuzzy submanifold.
(2) The fuzzy �rst fundamental form �I = (d�X ;µe).
(d�X ;µe) = ((d�X · d�X );µe � µe)
The second fundamental form � = −d�X . d�N = (d�X ;µi ). (d�N , µ2) .
(3) The fuzzy tangent space of a manifold is de�ned as follows.
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(a) If at every point p of a fuzzy manifold �M there are different charac-taristic membership µ, for a point (p, µp) we obtain a tangent spaceevery point in it has µp , all points have the same µp (see �gure 1).
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Figure 1
(b) In this case for any point p the tangent Tp(M) has µp but µpdecreases continuously when d increases such thalt limd→∞µpn = 0(see �gure 2).
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In the case of fuzzy submanifold �M such that ∀ p ∈ �M, µp = a, a ∈ [0, 1].The fuzzy tangent spaces at different points carry a physical character of equalappearance (dizziling). But in the second case the physical character will bedifferent at different points.
Theorem 1. In the parallel fuzzy system �M which is homeomorphic to �Sn. For�M, then K i increases when µi decreases. For �M, then Ki decreases when
µi decreases. If K = 0 then µi decreases when d increases, where d is thedistance from �M.
Proof. Let �M be a fuzzy manifold which is homeomorphic to�Sn , at every point
p ∈ �M , then µp = a ∈ (0, 1], then the system of fuzzy manifolds will be ∪�Mi
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inside �M, µ(�Mi ) = µi , i = 1, 2, 3, · · ·. We �nd that
(1)
�
µ1 > µ2 > µ3 > · · · > µn andK1 < K2 < K3 < · · ·< Kn
where Ki is the curvature of �Mi . For outside system �Mi
(2) �µ1 > µ2 > µ3 > · · ·> µnK1 > K2 > K3 > · · · > Kn
where Ki is the curvature of �Mi (see �gure 3.a).
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Figure 3.a
In the case of homeomorphic system �g. (3.b) Ki , µi satis�es (1) and (2).
Figure 3.b
ON SOME LOCAL PROPERTIES OF. . . 205
�M�M
�M
Figure 4
If K = 0, then �
µ1 > µ2 > · · · > 0
µ1 > µ2 > · · · > 0
i.e. µi decreases when di increases (see �gure 4).
Theorem 2. In the fuzzy system with a common point �p, then Ki increaseswhen µi = constant, or Ki increases when µi decreases.
Proof. Let �M be a fuzzy manifold such that µp = maxµi . In the system �Mi ,then µ1 = µ2 ⇒ K1 < K2, also for the outside system �M , µ1 = µ2 ⇒ K1 <K2 (see �gure 5.a).
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In �gure 5.b, µi > µj ⇒ Kj > Ki i.e. Ki increases but µi decreases.
De�nition. Consider �Sn as a fuzzy sphere, any �Sni with µi as a membershipdegree, µ for �Sn, then Tp(�Sn), Tp(�Sn) such that µp is a membership for Tp(�Sn)
and µ�p is a membership for Tp(�Sn), but limd→∞µ�p (for �Sn) → 0 faster thanlimd→∞ µp (for �Sn) (see �gure 6). i.e. the velocity of limit will be depend on
µ∈ [0, 1] and we arrive into a system of dizziling tangent spaces.
Theorem 3. Let f : M1 → M2 be a fuzzy folding, then there are induced fuzzyfoldings fT : T M1 → T M2 .
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Proof. In �gure 7 there are two cases (a) µ1 = µ2 (b) µ1 < µ2.For the �rst case µ1(Tp(M1)) = µ1(Tp(M2)) = ct . In the second casethere are two overlap tangent vector spaces at p in the �rst µ = µ1 andlimd→∞µ2(M2) is faster than limd→∞µ1(M1), and any folding f : M1 → M2 whichis a topological folding, then the induced folding f T : T M1 → T M2 s.t.f T (α1, µ1) = (β1, �fT (µ1)) = (β1, µ1) or (β, µ2).
Theorem 4. For any fuzzy manifold without conjugate points. If fT :Tp1(�M) → Tp2(�M), exp Tpi : (�M) → �Mpi then exp fT = exp f , wheref : �M → �M.
Proof. Let M be a fuzzy manifold and let fT : Tp1(�M) → Tp2(�M), Tp1(�M) isthe tangent vector space on which we put µp1 on it such that for p1, p2 ∈ Tp1(M)
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either µ1 = µ2 or µ1 �= µ2. Then for fT : (Tp1(M), µ1) → (Tp2(M), µ2)then either fT (µ1) = (µ2) or one of these cases (a) fT (µ1) = µ1 (b)fT (max(µ1, µ2)). Then there is an induced folding f : M → M such thatf (g1, µ1) = (g2, µ1) or (g2, µ2) where gi is a geodesis, i = 1, 2. LetM be a fuzzy manifold without conjugate points (exp−1 not de�ned), exp :T (M) → M we arrive into the following diagram such that exp fT = f exp.
Tp1(�M) fT ��
exp
��
Tp2(�M)
exp
��Mp1 f �� Mp2
In the case of the limit of the fuzzy folding of fuzzy manifold we obtain thefollowing diagram.
Tp1(�M) fT1 ��
exp
��
Tp2(�M) fT2 ��
exp
��
Tp3(�M)
exp
��
limn→∞ fTn Tpn−1(�M)
exp
���Mp1 f1 �� �Mp2 f2 �� �Mp3 limn→∞ fn �Mpn−1
s.t. fi exp = exp fTi
Also fT1 (µi ) = µp1 (Tp1M) or µp2 (Tp2M)
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and f1(µi ) = µp1 (M) or µp2 (M).
The most general fuzzy system of fuzzy circles.
Consider the fuzzy circle �S1, ��Si such that τi = 0 (the torsion). There
are another fuzzy system��Sj such that τj �= 0 see �gure 8.
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In the case of a parallel fuzzy system of �M in different planes see �gure 9.
�M
Figure 9
M1 // M2 // M3 // · · · // Mn, τ1 = τ2 = τ3 · · · = τn = 0
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the relation between the fuzzy folding of the system and the folding of tangentvector spaces comes from these chains.If
Sτ1 f1 �� Sτ2 f2 �� Sτ3 fn �� Sτ0
there are induced sequence
T (Sτ1) f 1 �� T (Sτ2) f 2 �� T (Sτ3) f n �� T (Sτ0)
such that f1(µ1) = µ2, · · · · · · , f 1(µT1 ) = µT2 .
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